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Abstract 

Fermions with magnetic charges can contribute to anomahes. We derive the axial 
anomaly and gauge anomalies for monopoles and dyons, and find eight new gauge 
anomaly cancelation conditions in a general theory with both electric and magnetic 
charges. As a byproduct we also extend the Zwanziger two-potential formalism to 
include the 6 parameter, and elaborate on the condition for CP invariance in theories 
with fermionic dyons. 



1 Introduction 



It is well known that there is a charge quantization constraint in a U{1) gauge theory with 
both electric and magnetic charges (l}^- If we label the electric and magnetic charges of 
particle j by qj (measured in units of the coupling e) and gj (measured in units of 47r/e) 
then the charges of any pair of particles must satisfy 

qi9j-qj9t = ^, (1-1) 

where n is an integer that can be different for each pair. In a CP invariant theory this requires 
that both types of charges can be expressed as integers in units of a fundamental charge [5j . 
There are also five well known conditions on electric U{1) gauge charges of fermions that 
arise from requiring anomaly cancelations. The standard gauge anomaly conditions come 
from the U{1)^ gauge anomaly, as well as the various mixed anomalies between the U{1) 
and other possible force carriers. In general, these are the SU{N)'^U{1) mixed anomaly, the 
U{l)xU{lY mixed anomaly, the f/(l)[/(l)^ mixed anomaly, and the mixed gravitational 
f/(l) anomaly. We can write these conditions, in order, as: 

j 

E Tr T^T^^^g, ^ 6^" nrM^ = , (1-3) 

j j 

EmJ = 0, (1.4) 

j 

E9, = 0. (1.6) 

j 

From the work of Seiberg and Witten [6] we know that there are consistent theories with 
massless fermionic magnetic monopoles. We are thus led to ask a very simple question: are 
there not also anomaly conditions on magnetic charges? 

We expect that a consistent theory with magnetically charged topological solitons will 
give a consistent low-energy theory, but here we are asking a bottom-up question: what 
are the possible consistent low-energy effective field theories involving massless fermionic 
monopoles. The monopoles may be fundamental or they may be topological solitons, as long 
as they are light compared to the inverse of their physical size we would hope to be able to 
write an effective theory for them. 

The first hint that there may indeed be non-trivial anomaly constraints arises in a theory 
with a dyon, i.e. a particle with both qj and gj non- vanishing [T], and a CP violating 
6 parameter. As was shown by Witten [5] the effective electric charge (in units of the 
fundamental charge) becomes 

e , , 

leSd = qj + 9j^ (1.7) 
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Disregarding cancellations that occur for particular values of 6 one might naively expect that 
we get new anomaly cancellation conditions for the magnetic charges by replacing qj by gefr.j 
in Eqs. (1.2)-(1.6) and requiring that terms with different powers of 6 vanish independently. 

This argument is too naive, for two reasons. First, since the magnetic charge also couples 
to the electromagnetic field, there should be additional contributions proportional to powers 
of the magnetic charge even with 6 = 0. Secondly as the mass of a charged fermion goes 
to zero, the 9 dependent piece of the charge becomes delocalized [S], and 9 becomes an un- 
physical parameter at zero mass. In what follows we will find both the electric and magnetic 
contributions and find new conditions that must be satisfied even in a CP conserving theory 
with ^ = 0. 

The paper is organized as follows. In Section 2 we give a brief review of SL{2, Z) dualities 
and how they can be employed to easily calculate /3-functions for dyons. In Section 3 we 
extend Zwanziger's two-potential formalism to incorporate a non-vanishing ^-parameter. 
This gives a local, but non-Lorentz invariant, Lagrangian description of dyons where the 
SL[2,Z) duality is explicit. In Section 4 we discuss the issue of CP invariance in theories 
with fermionic dyons. In Section 5 we calculate the axial anomaly from dyons, and finally 
in Section 6 we present the complete set of anomaly cancelation conditions for a f/(l) gauge 
theory with dyons and other possible gauge interactions. 



2 Review of SL{2, Z) and /3-functions 

Since it is impossible to write a local and Lorentz invariant Lagrangian for coexisting 
monopoles and dyons, direct loop calculations are quite difficult to perform. One of the main 
tools we will be using here to circumvent this problem are SL{2, Z) duality transformations. 
Thus it is important to be very clear what the exact meaning of these transformations is. 
There exist some very special theories (usually A/" = 2 or A/" = 4 superconformal theories) 
which have a manifest S'L (2, Z) symmetry, which means that the entire particle spectrum 
is invariant under SL{2,Z). Here we will not be confining ourselves to such theories, and 
we will be using SL{2, Z) in a different way, merely as a set of field redefinitions. For us 
SL{2, Z) will be just a particular change of variables. Let us review in detail how this comes 
about [9]. Consider a U(l) gauge theory with coupling e and a non- vanishing 9 angle in the 
non-canonical ( "holomorphic" ) normalization of the gauge fields: 

1 9 

£free = -^F^T^i, - T^^^^'' Ffiu (2.1) 

where 

*F^"' = -e^""^^F„p . (2.2) 
It is very convenient to introduce the holomorphic gauge coupling r, defined as 



9 Am , , 

+ 2.3 

2ti 
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With this notation the Lagrangian of the free theory (without any electric or magnetic 
charges) can be rewritten as: 



£free = -Im {F^" + I *F^^n' ■ (2.4) 

One can see, that a shift in r by a real integer r — t- r + n corresponds to shifts in the 6 angle 
9^9 + 27171. This is often referred to as a T-duality. Even though this does not leave the 
Lagrangian invariant, it is a symmetry of the theory since the only way the path integral 
depends on 9 is via the phase e*"*^. To obtain the full SL{2, Z) transformation group one 
also needs to introduce the duality field transformations. This is nothing but a change of 
variables in the path integral (for example nicely described in |9]). The main point is that 
the path integral in terms of the (electric) gauge potential given by 

DA^e'^ (2.5) 

can be thought of as a path integral in terms of the field strength F^j^ if a spin 1 Lagrange 
multiplier is added to enforce the Bianchi identity 

^c = ^J d:'B^d,*F^\ (2.6) 

The field F can be integrated out from the action £free + Cc, and the resulting action is given 
by 

£ = Im (f^^" + I ^F^") ' , (2.7) 

where = d^B^ — d^B^. Thus there is a duality with r — )■ — ^, which is usually referred 
to as S-duality. Note, that S-duality also has the effect of exchanging electric and magnetic 
charges with each other. This follows from the fact that the magnetic charge would show 
up as a source in the Bianchi identity, and thus would couple to the Lagrange multiplier 
field -B^, which becomes the electric field in the dual description. Combining the T and 
S-dualities we obtain the full SL{2, Z) group under which the coupling transforms as 

r' = ^ . (2.8) 

with a, b, c, d integers satisfying ad — be = 1. Under an SL{2, Z) transformation, the magnetic 
current K^^ and the electric current are mapped to 

K^" ^ aK'f" + cJ'^ , bK'^" + df . (2.9) 

This can be seen by requiring that under T the Witten charge q + -^g remains invariant, 
together with the exchange electric and magnetic fields under S-duality. 
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Let us look at a simple application of these SL{2, Z) transformations by calculating the 
/^-function of a theory with arbitrary monopoles and dyons. This was first presented by 
Argyres and Douglas in 10 . The perturbative /3-function is defined by 

dr 



dlog 



/3. 



(2.10) 



Assume that we have a dyon with electric charge q and magnetic charge g (in units of e 
and An/e). To find the /3-function, we do an SL{2, Z) transformation to a basis where the 
dyon has a pure electric charge n, where n is the greatest common divisor of q and i.e. 
n =gcd{q, g). This can be achieved via the SL{2, Z) transformation of the form 



a —b 
—c d 



(2.11) 



with the choice c = g/n,d = q/n and a,b integers that satisfy aq — hg = n. In this new 
transformed basis the coupling is given by (2.8). The one loop /3-function is well-known to 
be 



dr' 



n 



dlog/i IGvr^ 

Rewriting this in terms of r and using the explicit expressions for a, 6, c, d we find 

dr i , ,9 



(2.12) 



dlogfi 16n' 



(2.13) 



Separating out the real and imaginary parts we can obtain the separate /3-functions for the 
gauge coupling and the 6 angle (assuming the presence of several dyons at the same time): 



/3e 

/3e 



de 
d/i 

de 

d/i 



IGtt 



E 

j 



e 



9J 1 + ^9j 



(2.14) 
(2.15) 



This agrees with the one-loop /3-functions calculated using perturbative methods 11 



3 The Generalized Zwanziger Lagrangian 

To perform our anomaly calculations we will need to determine SL{2, Z) transformations 
properties of the gauge field. The transformation of the field strength can be extracted 
relatively easily from the requirement that the equations of motion are covariant under 
SL{2,Z). To write down the correct Maxwell equations we need to also incorporate the 
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Witten effect: for non-vanisliing 6 the magnetic current also couples to the electric fields. An 
effective Maxwell equation correctly reproducing this is given by (using our normalizations): 

^-^^^^djF^" + i*F^'') = r + TK'' . (3.1) 



The transformations of the currents in (2.9) can be combined with the mapping 



{F'"' + i *F^"') ^ — (F'^"" + i *F'n (3-2) 



to find that the effective Maxwell equation (3.1) are covariant under the SL{2,Z) duality 



transformations: the dual equations of motion have exactly the same form in terms of the 
dual coupling as the original equations: 

Im (t') 

^ (F'^^ + i *F'f"') = J'" + t'K'^" . (3.3) 

An 

However we will also need to know how the gauge potentials transform under SL{2, Z), 
which is a little more subtle, since it requires knowledge of the action. It is well known that 
it is impossible to write a local, Lorentz invariant Lagrangian for a U{1) theory with both 
electric and magnetic charges. Dirac originally wrote down a non-local, Lorentz invariant 



Lagrangian |12| and later Zwanziger 13 was able to reformulate the theory in terms of a 
local, non-Lorentz invariant Lagrangian with two gauge potentials and B^. Even though 
there are two gauge potentials, the form of the non-Lorentz invariant kinetic mixing ensures 
that the are only two on-shell degrees of freedom for the gauge fields. The advantage of 
having two gauge potentials is that one, A^, has a local coupling to electric currents, while 

has a local coupling to magnetic currents. In Dirac's formulation, the magnetic current 
does not couple directly to the gauge field, it only couples through the Dirac string attached 
to each monopole, which makes calculations very difficult. 

For our work we will need to generalize the Zwanziger action to include the CP violating 
parameter 6. The use of differential forms also makes the expressions slightly easier to write, 
so we will use the notation 

(a A bY'' = a^'h" - Wa" , (3.4) 
{a- *{h^c)Y = e^''"'^a^hacp . (3.5) 



Zwanziger found 13 that for 6' = the Maxwell equations are reproduced by the action 



C = ^{[n-{dAA)]-[n-*{dAB)]-[n-{dAB)]-[n-*{dAA)] 



2n?e 



An 



+ \n-{dA A)Y + \n-{dA B)]'} - J- A- —K ■ B , (3.6) 

where n is an arbitrary four vector corresponding to the direction of the Dirac string and 
the field strength F is given by 

F = ^{{n A[n ■ {d A A)]} - * {n A[n ■ {d A B)]}) . (3.7) 
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While the Lagrangian is not Lorentz invariant, the EOM's are Lorentz covariant if written 
in terms of the field strength, as in Eq. (3.1 ). 

The proper generalization of this Lagrangian incorporating the ^-angle is 

£ = -Im^^ {[n ■ d A {A + iB)] ■ [n ■ d A {A - iB)]} 

T 



-Re {[n-dA{A + iB)] -[n-* dA{A- iB)]} 



-J -A 



-K-B. 



(3i 



One can check that this Lagrangian indeed correctly reproduces the Maxwell equations (3.1 ) 
after the Witten effect is taken into account. To incorporate the Witten effect, one may also 
write a low-energy Lagrangian below the mass scale of the fermions that will correct the 
coupling terms to 



At: 

J- A- —K ■ S ^ Re [(A - iB) ■ (J + tK)] 



(3.9) 



while in the case of massless fermions the 9 term can always be rotated away. 

One can easily see that, with this incorporation of the Witten effect in the coupling of the 
Lagrangian, the SL(2, Z) covariance is also explicit. Since under SL{2, Z) the field strength 
should transform as {F + i *F) — )■ — rip^ {F' + i *F'), with the identification (3.7) one expects 
that the proper SL{2, Z) transformation of A, B is 

1 



{A + iB) 



CT* + d 



{A' + iB') 



(3.10) 



One can check that the Lagrangian (|3.8 ) with the modification in (3.9) is indeed covariant 
under the combined transformation (2.9) and (3.10). 



4 CP 

If the 6 parameter vanishes we can have a CP invariant theory, provided that the spectrum of 
monopoles and dyons is CP invariant. The details of the particle spectrum is not something 
we have to consider when checking CP invariance for ordinary charged particles (scalars or 
fermions). For example for a 2-component Weyl spinor CP takes a left-handed electron 
field to left-handed positron: 

^ alJ- . (4.1) 

Since the CP conjugate is just the hermitian conjugate, any set of electrically charged fields 
has a CP invariant spectrum. However, the electric field E and the magnetic field B have 
opposite CP, so the CP conjugate of a particle with a magnetic charge g also must have 
magnetic charge g, not —g. This fact has often been quoted in the literature as a reason for 



theories with dyons to necessarily break CP 14 . However Witten emphasized that this does 
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not have to be the case, if one can modify the definition of CP such that it also includes the 
exchange of different fields. However, this is only possible if a particular pairing among the 
charges of the fields holds, which will lead to restrictions for the possible charges for dyons. 
Suppose that we have a Weyl fermion x with electric and magnetic charges given by {q,g). 
For the theory to be CP invariant we need another Weyl dyon ip with charges (g, —g) so that 
CP can interchange the fields x ^^iid tp"^ rather than replacing them by their own hermitian 
conjugates. 

This can be nicely incorporated into the Zwanziger's two potential formalism used in the 
previous section. In this formalism the electric charge couples to the A field and the magnetic 
charge to 5, so we can simply write the gauge couplings of the two dyons mentioned above 

as 

jC-int = -X^ {q A, + g B^) a^x -i^HqA,-~g B^) , (4.2) 

where we have defined g = gAn/e"^. Now A^ and -B^ must have opposite CP, this can be 
seen from the fact that one couples to electric charge and one couples to magnetic charge, or 



from the fact that their kinetic mixing (in the absence of the 6'-term, see (3.6) involves the 



pseudo-tensor g/^^"/^ which is odd under CP. Thus the CP transformation of the gauge fields 
are: 

Ao -Ao , A, +Ai , Bo +Bo , Bi -B^ , (4.3) 
while the dyons transform under CP as 

X. -> aL^^'^ , ^ . (4.4) 

Since fermions anticommute, we have: 

X^ {qAo + ~g Bo) X ^ i^cr^ {q i-Ao) + ~g Bo) a^^t = _ ^ Bo) ^ (4.5) 

X^ (q A, +gB,) a^x ^ V't^' {q A, - ~g B,) a^a'i;^ = (q A, - ~g B,) a^i; , (4.6) 



and we see that the interaction terms (4.2) are invariant under CP. 

Thus we conclude that to have a CP invariant theory of dyons (in an SL{2,Z) basis 
where ^ = 0) the spectrum must contain dyons in pairs with charges (g, g) and (g, —g)- This 
condition can also be obtained for a theory with bosonic monopoles and/or dyons. However 
in the case of bosons due to the absence of chirality it can be equivalently restated as a 
requirement that every dyon of charge (g, g) is accompanied by a dyon of charge (— g, g). We 
note that the requirement of a CP invariant spectrum leads to an interesting consequence. 
We can easily see that given a set of Weyl fermions with charges {qj,gj) we find that sums 
of odd powers of gj vanish for a CP invariant spectrum, eg.: 



j 



, (4.7) 
, (4.8) 



9- = 0. (4.9) 
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If 6* 7^ 0, then the pairs should be formed using the effective Witten charge (g^ + ^gi, Qi)- In 
this case CP invariance would imply the condition 



^9^) = ^■ (4.10) 



This condition exactly coincides with the requirement that the /3-function for 9 in Eq. (2.15) 



vanishes, and is also SL{2, Z) invariant. If (4.10) does not hold then even if one starts with 



^ = there would be an additive renormalization of 9, implying that CP is an anomalous 
symmetry. Of course if there are any massless charged fermions then 9 is not a physical 
parameter, since it can be removed by a chiral rotation of the massless fermion. 



5 The Axial Anomaly 

As a warm-up we will first consider the axial anomaly fTslllG] of a chiral dyon, this can be 
computed in the Zwanziger formalism [13j from a triangle diagram with the axial current 
at one vertex and U{1) gauge fields at the other two vertices. Since the axial charge of any 
fermion is just one, we expect in general that the coefficient of the axial anomaly is related 
to the one-loop /3 function, both of which can be calculated in the Zwanziger formalism (see 
Fig-ig. 




Figure 1: The fermion triangle diagram which contributes to the anomaly. One must also 
add the crossed graph where the gauge bosons are interchanged. 



A simpler way of obtaining the anomaly is to follow the method of Argyres and Douglas 
10 of using SL{2, Z) transformations to map the theory with a dyon to a dual theory with 



an electric charge, perform the calculations in the dual theory, and then map back, as we did 
for the /3-function in Sec. [2| Thus we want to perform SL{2, Z) transformations of the sort 



(2.8 )-(2.9). As in (2.11 ) one can map a dyon with charges (g, g) to a dual electron with charge 
n, where n is the greatest common divisor of the integers q and g, using a transformation 
with c = g/n and d = q/n. In the dual theory with electric charge n, the axial anomaly is 



n 



167r2 



n 



327r' 



(5.1) 
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Using (3.2) we find that in the original theory with a dyon the axial anomaly is 



62,7^ 

^ Re (g + T*gf F''" *F^, + ^Im (g + T*gf F'^'' F, 



(5.2) 



167r2 
1 

167r2 



167r2 



9 



F^''*F^,+ 



9 2 



F'^'^F^, L (5.3) 



We immediately recognize that the coefficients are indeed determined by the one-loop (3 
function contributions as expected. The second term, proportional to the gauge kinetic term 
F^'^ Ffj^iy, may give one pause. If the theory is CP invariant, then this term is clearly absent. 
However if it is not CP invariant, one can choose to rotate away F"^ in the Lagrangian, 
instead of F*F . This does not mean that we would have a theory without kinetic terms: 
in the presence of monopoles F*F is not a total derivative, and hence it can also serve as a 
good kinetic term. What one cannot do is rotate F"^ and F*F away at the same time. If we 
choose to work in the basis where we have rotated 6 to zero, we are left with the expression 
(which is of the form envisioned in flO]): 



1 



167r2 



q -9 



F^^*F., + qgF>''' F. 



flU 



(5.4) 



If one wants to ensure that a global U{l)x symmetry is anomaly free, independently of the 
renormalization scale (that is ignoring possible scale dependent cancelations between terms 
with different powers of e), then the following three conditions have to be obeyed: 



qxiqi9i 



0. E 



qxi9i 



0. 



(5.5) 



These can be interpreted as separate U{l)xU{l)li,U{l)xU{l)eiU{l)mag and f/(l)xf^(l)mag 
anomaly cancelation conditions. The only way to avoid three separate anomaly cancelation 
conditions is if the gauge coupling is exactly at a fixed point throughout the running, and 
the charges satisfy 



""91 



(5.6) 



for the fixed point coupling e. Alternatively it might be possible to have an enhanced global 
symmetry only at an IR fixed point if the theory runs toward a fixed point and the fixed 
point coupling satisfies the above equation. 



6 Gauge Anomalies 

The most convenient way to phrase the requirement for anomaly cancelation for gauge sym- 
metries is that under an anomalous gauge transformation the Lagrangian will pick gauge 
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dependent terms. For example for a U{1) gauge group (with only electric charge) which has 
mixed anomalies with an SU (N) gauge group one finds that the following gauge dependent 
terms appear in the action 117] 



(6.1) 



where Vt is the gauge transformation parameter of the the U{1) and G"'^'^ is the field strength 
of the SU (N) gauge group. 

If we introduce fields magnetically charged under the U{1), it is again most convenient 
to use the Zwanziger formalism and introduce the two gauge potentials A and B as we did 
in section |3| In this case there will be a separate gauge transformation parameter for the 
A-field and Qb for the i?-field. The combined gauge parameters 



B 



(6.2) 



should transform the same way as the gauge potentials (3.10) under the SL{2,Z) transfor- 
mation. Thus, mapping the dyon to an electron and mapping back we obtain an expression 
for the gauge varying terms in the Lagrangian: 



nTTT''(r)THr) 



167r2 



nTTT''{r)T''{r) 
167r2 



Ren' G'''"'*Gl^ 



n T{r) 
167r2 
T(r) 

167?^ 



Re {cT* + d)nG^^''*Gl 



e 



471 



(6.3) 
(6.4) 
(6.5) 



where TrT'^T'' = T{r)6^^ and T( r) is the Dynkin index. Again 6 can be rotated away, 
and the new anomaly condition, aside from the ordinary mixed anomaly condition (1.4), 
corresponding to SU {N^U {l)mag is 



^T(r,)^?, = 0. 



(6.6) 



Similarly the vanishing of the mixed gravitational anomaly coefficient requires 



(6.7) 



With an additional U{l)x gauge symmetry in the theory, there would also beaf/(l)xf^(l)^ 
anomaly as well as a U{1)U{1)\ anomaly. From the preceding examples we see that the 
anomaly coefficients for U{l)xU{lY can be read off from the axial anomaly, Eq. (5.3): 



2 2 

^3 - 9j 



{6.t 
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and 



J^^xj-gi^i, (6.9) 

j 

where, as before we have again rotated 9 to zero. Now we see that since e is a running 

(6.10) 



couphng, there are three separate conditions, two of which are new, Eq. (6.9) and 

= . 



The U{1)U{1)\ anomaly can be seen as a special case of the calculation in (6.5) with 
U{l)x charges replacing the SU{N) generators. Thus we find that the new anomaly cance- 
lation condition in this case is 



(6.11) 



Finally, let us consider the cubic gauge anomaly. Again mapping the dyon to an electron 
and mapping back we have: 



Re [{cT* + d) Im [{cT* + df {F^" + i *F^,f] 
' 6 \ 167r2 



(6.12) 



n 



327r2 
1 

167r2 
1 

~167r2 
1 



In I 



■9 



nAF^''*F,, 



An 647r' 



9 + 



^bF^''*F^, 



(6.13) 



9^A+{q + ^9)^9'^ 



B 



Again setting ^ = we find the new non-trivial anomaly cancelation conditions (correspond- 
ing to U{l)lU{l)^aa. f/(l)e^f/(l)L, and ^(1)L,): 



j 









(6.14) 
(6.15) 
(6.16) 
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7 Conclusions 



We have seen that in theories with both electric and magnetic charges there are 8 new non- 
trivial gauge anomaly conditions (even when the 9 parameter vanishes), given in Eqs. (6.6), 
de^ , ( [0| , ( |6T0| , doTI , dels) ), doi) ), and ( [6l6| . We note that there is an interchange 
symmetry among the complete set of 13 anomaly conditions (the original five, given in 
Eqs. (1.2)-(1.6) supplemented with the 8 new conditions described above). If we simply 
interchange qj and Qj, then the set of anomaly conditions is transformed into itself, as we 
would expect. This can be simply rephrased as the fact that the full set of anomaly conditions 
is invariant under S duality where qj — t- Qj and gj — ?■ —qj . One can also check that the full 
set is invariant under the T symmetry 9 ^ 9 + 2tx and qj — t- qj — Qj. So the set of anomaly 
conditions is SL{2, Z) invariant. 

It would be very interesting to apply these constraints for building new models of elec- 



troweak symmetry breaking 18 
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